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Abstract
We consider the geometric properties of Hodge Cousin groups, intro-
duced in an unpublished paper [OVV], emphasizing the case of Hodge
Cousin groups corresponding to polarized Q-Hodge structures. Basing on
this consideration, we introduce the class of abelian Cousin groups and
prove an analogue of Poincare´ complete reducibility theorem for them.
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1 Introduction
From now onwards all the Lie groups are assumed to be connected.
Definition 1. A complex Lie groupG is called Cousin group if any holomorphic
function on it is constant.
This concept goes back to the 1910 Cousin’s paper [C]. The name is due
to Huckleberry and Margulis [HM]. The definition of Cousin groups appeared
in the paper of Morimoto [M] under the name of H.C groups and in the paper
of Kopfermann [K] under the name of toroidal groups. For a rather complete
account on Cousin groups, see [AK].
Proposition 1.1. Any representation of a Cousin group G in a Banach space
V is trivial.
Proof. A representation of G in a Banach space V is a map G → End(V ).
Pullback of any linear functional on End(V ) to G is constant, so, by Hahn–
Banach theorem, image of G is a single point.
Proposition 1.2. Finite-dimensional (Banach) Cousin groups are commuta-
tive. Moreover, they are quotients of a complex vector (Banach) space by a
discrete subgroup.
Proof. By Proposition 1.1, the adjoint representation of a Cousin group G in
its Lie algebra g is trivial. That means that G is commutative. Since the Lie
algebra g is abelian, the exponential map g→ G is a homomorphism. Its kernel
is discrete since the quotient is a manifold of the same dimension.
Of course, complex tori are Cousin groups. Nevertheless, Cousin groups
need not to be compact. For example, a quotient of C2 = C〈v, w〉 by a rank
3 lattice which spans the real subspace {(v, w) | Im w = 0} but intersects the
complex subspace {w = 0} only by {0}, is a Cousin group.
Proposition 1.3 (K. Kopfermann, 1964 [K]). Any commutative complex Lie
group is a product of Cousin group, several copies of C and several copies of
GL(1,C).
Proposition 1.4. Commutative complex Lie group is Cousin if and only if it
does not have nontrivial characters.
Proof. One direction follows from Proposition 1.1. The other way around, by
Kopfermann’s theorem, any commutative complex Lie group G is isomorphic
to the product of a Cousin group and a group GL(1,C)n × Cm, which admits
a homomorphism to GL(1,C)n+m via exponent provided n+m > 0 (that is, G
is not Cousin).
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2 Complex tori and Hodge structures
This chapter is intended to be an exposition of the well-known correspondence
between the complex tori and Hodge structures.
Definition 2. Let k ⊆ R be a subring. A k-Hodge structure of weight n
is a pair (Vk, {V p,q}p,q≥0p+q=n) of a finite generated k-module Vk and a splitting
Vk ⊗k C = ⊕p+q=nV p,q such that V p,q = V q,p.
Proposition 2.1. Let k ⊆ k′ ⊆ R be subrings. The category of k-Hodge struc-
tures is equivalent to category of k′-Hodge structures on modules of form Vk⊗k′
with k-linear maps, where Vk are k-modules.
Proof. Follows easily from the above Definition.
Proposition 2.2. Let VZ be a Z-Hodge structure of weight 1. Denote by π
the projection of VC onto V
1,0 along V 0,1. Then the quotient V 1,0/π(VZ) is a
complex torus.
Proof. Of course π : VR → V 1,0 is an isomorphism of R-vector spaces. One
has R〈π(VZ)〉 = π(R〈VZ〉) = π(VZ ⊗ R) = π(VR) = V 1,0. So π(VZ) has full
rank inside V 1,0 considered as an R-vector space, and the quotient is a compact
torus. It inherits complex structure from V 1,0.
Proposition 2.3. The category of complex vector spaces is equivalent to the
category of R-Hodge structures of weight 1.
Proof. An R-Hodge structure of weight 1 is an R-vector space VR together with
a splitting VC = VR ⊗ C = V 1,0 ⊕ V 0,1 such that V 0,1 = V 1,0. Define I ∈
End(VC) as
√−1 idV 1,0 ⊕(−
√−1) idV 0,1 . This operator is real, that is, preserves
VR = V
Gal(C:R)
C , and I
2 = − id. The other way around, any I ∈ End(VR) with
I2 = − id determines an R-Hodge structure on VR by setting V 1,0 to be the√−1-eigenspace of I.
It can be easily verified that maps of Hodge structure give rise to maps
of vector spaces compatible with the complex structures operator, and vice
versa.
Proposition 2.4. Suppose VR is an R-Hodge structure of weight 1. Then the
projection VR = V
Gal(C:R)
C → V 1,0 is complex linear w. r. t. the complex structure
on VR corresponding to the Hodge structure.
Proof. The complex structure operator on VR = {v + v | v ∈ V 1,0} is given by
I(v+v) =
√−1(v−v) = √−1v+√−1v. Of course the projection maps I(v+v)
to
√−1v.
Proposition 2.5. The category of complex tori is equivalent to the category of
Z-Hodge structures of weight 1.
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Proof. The correspondence on objects in one direction is given by Proposition
2.2. Let us construct it in the backward direction.
Let X be a complex torus. Then its universal cover X˜ is a complex vector
space, and the kernel of the projection ker(X˜ → X) is a lattice which is of
full rank if one consider X˜ as an R-vector space, that is, a Z-module VZ with
complex structure operator on VZ ⊗ R. By Propositions 2.3 and 2.1 it is the
same as Z-Hodge structure of weight 1. It follows from the Proposition 2.4 that
these correspondences are mutually inverse.
Let f : X → Y be a map of complex tori. Its lift to the universal cover
f˜ : X˜ → Y˜ is a C-linear map, mapping the lattice ker(X˜ → X) to the lattice
ker(Y˜ → Y ). By Propositions 2.3 and 2.1 this is a map of Z-Hodge structures
of weight 1.
Another, in fact equivalent way to obtain a weight 1 Z-Hodge structure from
the complex torus, is to take its first homology with integral coefficients.
Definition 3. A surjective morphism of complex tori with finite kernel is called
an isogeny.
Definition 4. For a category C and a class of morphisms W the localization
C[W−1] is the category with the same class of objects and
HomC[W−1](X,Y ) = {X f1←− Z1 → Y1 f2←− Z2 → . . . fn←− Zn → Y | f1, f2 . . . , fn ∈ W}
up to suitable equivalence with obvious composition.
Essential details of the definition of localization can be found in any text
on categorical algebra, e. g. [KSch]. However, they are insufficient for our
exposition.
Definition 5. Localization of the category of complex tori by isogenies is called
the category of complex tori up to isogeny.
Proposition 2.6. The category of complex tori up to isogeny is equivalent to
the category of Q-Hodge structures of weight 1.
Proof. Any Q-Hodge structure may be made Z-Hodge structure by taking a
base {vi} of VQ and setting VZ = Z〈{vi}〉. Hence the objects of this category
can be identified with complex tori by Proposition 2.5, although in a non-unique
way. However, the isogeny class of a torus corresponding to VZ is independent
on choise of the base. Indeed, tori corresponging to bases {vi} and {Nvi}, where
N is a nonzero integer, are isogenous by construction, and any two bases of a
Q-vector space can be made to span the same lattice by multiplying them by
appropriate integers. Moreover, any morphism of Q-Hodge structures may be
made a morphism of Z-Hodge structures in this way.
4
3 Hodge structures from CR geometric view-
point
3.1 Reminder of CR and co-CR vector spaces
We start this section with a reminder of definitions in CR geometry. For a more
detailed exposition, see e. g. [MOP].
Definition 6. A CR vector space (V,H, I) is an R-vector space V together
with a subspace H ⊆ V (called distinguished complex subspace) and an operator
I : H → H such that I2 = −1 (called CR structure operator). A co-CR vector
space (U, F, J) is an R-vector space with a subspace F ⊆ U (called distinguished
cocomplex subspace) and an operator J : U/F → U/V such that J2 = −1 (called
co-CR structure operator). The (co-)CR linear map of (co-)CR vector spaces is
a linear map of underlying R-vector spaces mapping distinguished (co)complex
subspace to distinguished (co)complex subspace and whose restriction to distin-
guished complex subspace (map induced on quotients by distinguished cocom-
plex subspaces) is complex linear w. r. t. the (co-)CR structures operators.
Proposition 3.1. Suppose that W is a C-vector space, and V ⊆ W is an R-
vector subspace. Then V carries a natural CR structure, and W/V carries a
natural co-CR structure.
Proof. The subspace H = V ∩√−1V is invariant under multiplication by √−1
and is hence a C-vector subspace in the space V . The pair (V,H) is a CR vector
space.
Denote the projection of the space
√−1V to W/V by F . Then the quotient
(W/V )/F is isomorphic to W/CV , hence carries a natural complex structure.
The pair (W/V, F ) is a co-CR vector space.
The complex structure operator is characterized by its
√−1-eigensubspace,
which leads to another
Definition 7. A CR vector space (V,H1,0) is an R-vector space V together
with a subspace H1,0 ⊆ V ⊗ C such that H1,0 ∩ H1,0 = {0}. A co-CR vector
space (U, F 1,0) is an R-vector space U together with a subspace F 1,0 ⊆ U ⊗ C
such that 〈F 1,0, F 1,0〉 = U ⊗ C.
In the notation of the previous Definition, H = (H1,0 ⊕ H1,0)Gal(C:R) and
F = F 1,0∪F 1,0. These two definitions of CR structures are obviously equivalent;
to see that the definitions of co-CR structures are equivalent, note that F 1,0 may
be reconstructed as a preimage of the subspace (U/F )1,0 ⊆ (U/F )⊗ C.
We may see from this Definition that any CR or co-CR structure is iso-
morphic to an example from Proposition 3.1, however, strictly speaking, in a
non-unique way.
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3.2 Bi-CR structures and Hodge structures of weight two
Of course, if (V, V 1,0) is both CR and co-CR structure, then V ⊗C = V 1,0⊕V 1,0,
and this is just a complex structure. But there exists a more appropriate notion
of compatibility of a CR and a co-CR structure on the same R-vector space.
Definition 8. We call by a bi-CR vector space (V,H, F, I, J) a pair of CR
structure (V,H, I) and co-CR structure (V, F, J) such that H⊕F = V is a direct
sum decomposition and the projection V/F → H is complex linear w. r. t. the
complex structure J on the left and I on the right. Alternatively, a bi-CR vector
space (V,H1,0, F 1,0) is a pair of CR structure (V,H1,0) and co-CR structure
(V, F 1,0) such that H1,0 ⊆ F 1,0 and F 1,0 ∩H1,0 = 0.
Proposition 3.2. The category of bi-CR vector spaces is equivalent to the cat-
egory of R-Hodge structure of weight 2.
Proof. Let V be an R-Hodge structure of weight 2: V ⊗C = V 2,0⊕V 1,1⊕V 0,2.
Then (V, V 2,0, V 2,0 ⊕ V 1,1) is a bi-CR structure. The other way around, if
(V,H, F ) is a bi-CR structure, then V ⊗ C = H1,0 ⊕ (F ⊗ C) ⊕H1,0 is an R-
Hodge structure of weight 2. It can be easily seen that these correspondences
are compatible with maps.
Similarly, to a Z-Hodge structure of weight 2 VZ one can associate a torus
with left invariant bi-CR structure AVZ = VR/VZ.
Definition 9. Let VZ be a Z-Hodge structure of weight 2. We call the quotient
AVZ = VR/VZ with canonical left invariant bi-CR structure an Abel torus of VZ.
Proposition 3.3. The category of bi-CR tori is equivalent to the category of
Z-Hodge structures of weight 2.
Proof. Much like the proof of the Proposition 2.5, this proof follows from Propo-
sitions 3.2 and 2.1.
3.3 The canonical embedding
Definition 10. Let VR, VR ⊗C = V 2,0 ⊕ V 1,1 ⊕ V 0,2 be an R-Hodge structure
of weight 2. Denote by ̟ the projection V 2,0 ⊕ V 0,2 → V 2,0, and by ı the
embedding (V 1,1)Gal(C:R) → V 1,1. We call the map
γ = ̟|(V 2,0⊕V 0,2)Gal(C:R)⊕ı : (V 2,0⊕V 0,2)Gal(C:R)⊕(V 1,1)Gal(C:R) = VR → V 2,0⊕V 1,1
the canonical embedding.
Proposition 3.4. The canonical embedding is CR linear w. r. t. the usual
complex structure on V 2,0 ⊕ V 1,1 considered as CR structure.
Proof. The proof is more or less straightforward. The distinguished complex
subspace of the CR space VR is the subspace (V
2,0 ⊕ V 0,2)Gal(C:R) and consists
of vectors v+v for v ∈ V 2,0 (moreover, each vector in the distinguished complex
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subspace of VR can be written in such way uniquely). The CR structure operator
is given by I(v + v) =
√−1(v − v). The projection ̟ maps v + v to v ∈ V 2,0,
and Iv to
√−1v. Hence the sum ̟ ⊕ ı is CR linear.
Proposition 3.5. Consider the induced CR structure on the space γ(VR) ⊆
V 2,0 ⊕ V 1,1. W. r. t. this CR structure on the image, the canonical embedding
is a CR isomorphism.
Proof. One has γ(VR) ∩
√−1γ(VR) = (V 2,0 ⊕ (V 1,1)Gal(C:R)) ∩ (
√−1V 2,0 ⊕√−1(V 1,1)Gal(C:R)) = (V 2,0∩√−1V 2,0)⊕(V 2,0∩√−1(V 1,1)Gal(C:R))⊕((V 1,1)Gal(C:R)∩√−1V 2,0)⊕((V 1,1)Gal(C:R)∩√−1(V 1,1)Gal(C:R)). The first summand equals V 2,0
as it is complex vector subspace. The second and third summand vanish, be-
cause V 2,0 ∩V 1,1 = {0} by definition of Hodge structure. The fourth summand
vanishes because for any vector u in this summand one has u = −√−1√−1u =
−√−1√−1u = −√−1(−√−1)u = −u = −u. Therefore the distinguished com-
plex subspace in γ(VR) in induced CR structure equals V
2,0. However, the
image of distinguished complex subspace in VR is precisely V
2,0 by the previous
Proposition.
4 Hodge Cousin groups
The Abel tori, defined in the previous Section, are generalizations of Abel–
Jacobi varieties for Z-Hodge structures of weight 1 to Z-Hodge structures of
weight 2. In the present section we propose another generalization of Abel–
Jacobi varieties, which works for Z-Hodge structures of any weight.
Definition 11. Let VZ be a Z-Hodge structure of weight n. We call Jacobi
group the complex Lie group
JVZ =
⊕p≤qV p,q
π(VZ)
,
where π denotes the projection of VC onto⊕p≤qV p,q along the subspace⊕p>qV p,q.
Proposition 4.1. Let WZ be a weight 0 Z-Hodge structure. Then JWZ is iso-
morphic to a product of several copies of GL(1,C).
Proof. One has W 0,0 = WC = WZ ⊗ C. Pick up an integral basis wi for the
lattice WZ, it determines a decomposition W
0,0 = ⊕iCwi. Now one has JWZ =
⊕p≤qWp,q
pi(WZ)
= W
0,0
WZ
= ⊕iCwi⊕iZwi = ⊕i(C/Z) = ⊕iGL(1,C).
Definition 12 (L. Ornea, M. Verbitsky, V. Vuletescu [OVV]). The Cousin
group which is of the form JVZ for some Z-Hodge structure VZ is called Hodge
Cousin group.
Proposition 4.2. The complex Lie group JVZ is Cousin group if and only if
the Hodge structure VZ does not admit a nontrivial quotient Hodge structure of
weight 0.
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Proof. Suppose that JVZ is a Cousin group. Let VZ → WZ be a surjective map
onto a Z-Hodge structure of weight 0. Then the induced homomorphism of
complex Lie groups JVZ → JWZ = ⊕iGL(1,C), determines, by Proposition 4.1,
a collection of characters of JVZ . By Propostion 1.1 all representations of the
Cousin group JVZ are trivial, hence the Z-Hodge structure WZ is trivial.
Suppose that JVZ is not a Cousin group. Since it is commutative, by Propo-
sition 1.4, it admits a nontrivial character JVZ → C/Z. The lift of this map to
the universal cover is a surjective map VC → C. Its restriction to VZ ⊂ VC is a
surjective map of VZ to Z ⊂ C a Z-Hodge structure of weight 0.
Proposition 4.3. Let VZ be a Z-Hodge structure of weight 2. Then the canon-
ical embedding γ descends to an embedding of the Abel torus AVZ to the Jacobi
group JVZ .
Proof. Let v ∈ VZ be a vector considered as a vector in VR. It can be uniquely
written as a sum v′+w, where v′ ∈ (V 2,0⊕V 0,2)Gal(C:R) and w ∈ (V 1,1)Gal(C:R).
It can be further written as u+u+w, where u ∈ V 2,0. One has γ(v) = u+w. On
the other hand, u+w is precisely the ((2, 0) + (1, 1))-component of the vector v
considered as a vector in VC, that is, π(v). Hence γ(VZ) = π(VZ), and the map
γ descends to the quotients by VZ and π(VZ), respectively.
Proposition 4.4. The image γ(AVZ) is the maximal compact subgroup of JVZ .
Proof. The real dimension of maximal compact subgroup in JVZ equals to dim VR,
just like the dimension of AVZ = γ(AVZ). On the other hand, γ(AVZ) is com-
pact.
Proposition 4.5. The maximal compact subgroup of the complex Lie group JVZ
with the induced CR structure on it is CR isomorphic to the bi-CR group AVZ .
Proof. By Proposition 4.4, the maximal compact subgroup of JVZ is the sub-
group γ(AVZ). The induced CR structure on it is isomorphic (via γ) to the CR
structure on AVZ by Proposition 3.5.
Suppose that G is a Cousin group. If it is Hodge Cousin group of some
Z-Hodge structure of weight 2 VZ, then the summands V
2,0 and V 0,2 can be
reconstructed from its complex structure alone: namely, the maximal compact
subgroup Gc ⊆ G carries a CR structure, which rises to a (linear) CR structure
on its universal cover G˜c. If H ⊆ G˜c is its distinguished complex subspace, then
there exists an isomorphism G˜c⊗C→ VC which identifies H1,0 with V 2,0. This
observation leads to the following
Problem. Describe the Hodge Cousin groups among the Cousin groups in terms
of their complex Lie group structure.
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5 Polarization
The main results of the present section are contained in the unpublished paper
[OVV] by L. Ornea, M. Verbitsky and V. Vuletescu and have been presented in
a talk [V] given by Verbitsky in the University of Nottingham at September 14,
2016. However, they motivated the above work, so we prove them here.
5.1 Reminder on abelian varieties
Definition 13. A polarization on the k-Hodge structure of weight n V is a
k-valued bilinear form Q on Vk such that
(i) Q(v, u) = (−1)nQ(u, v),
(ii) Q(u, v) = 0 for u ∈ V p,q, v ∈ V r,s with p 6= s, q 6= r,
(iii)
√−1p−qQ(u, u) > 0 for nonzero u ∈ V p,q.
Maps between polarized Hodge structures are orthogonal maps of underlying
Hodge structures.
Let me remind some well-known facts.
Proposition 5.1. The category of polarized R-Hodge structures of weight 1 is
equivalent to the category of Hermitian vector spaces.
Proof. For an R-Hodge structure of weight 1 V (which is by Proposition 2.3
the same as a complex structure operator on VR) a polarization Q is skew-
symmetric. If u, v ∈ V 1,0, then one has Q(I(u + u), I(v + v)) = Q(√−1(u −
u),
√−1(v− v)) = −Q(u− u, v− v) = Q(u, v) +Q(u, v) = Q(u+ u, v+ v), that
is, I is orthogonal w. r. t. Q. If we define g(x, y) = Q(Ix, y) for x, y ∈ VR, then
g(y, x) = Q(Iy, x) = −Q(x, Iy) = −Q(Ix, I2y) = −Q(Ix,−y) = Q(Ix, y) =
g(x, y), go g is symmetric. Moreover, for 0 6= x = u + u, u ∈ V 1,0 one has
g(x, x) = Q(I(u+u), u+u) = Q(
√−1(u−u), u+u) = √−1(Q(u, u)−Q(u, u)) =
2
√−1Q(u, u) > 0, so the form g is positive definite, and the form h = g+√−1Q
is Hermitian.
The other way around, imaginary part of any Hermitian form gives rise to
a polarization on the correspondent weight 1 Hodge structure.
Definition 14. A complex torus with a left invariant Ka¨hler form ω is called
an abelian variety, if [ω] is an integral cohomology class.
By Kodaira’s embedding theorem, it is the same that a projective complex
torus.
Proposition 5.2. The category of polarized Z-Hodge structures of weight 1 is
equivalent to the category of abelian varieties.
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Proof. By Propositions 2.5 and 5.1, the category of polarized Z-Hodge structures
of weight 1 is equivalent to the category of complex tori with left-invariant
Hermitian metric satisfying certain integrality conditions.
Consider a Hermitian torus (X,ω) which is correspondent to a polarized
Z-Hodge structure of weight 2 V . The 2-form ω is parallel w. r. t. Levi-Civita
connection and is hence closed, so (X,ω) a Ka¨hler torus. We need to show
that the Ka¨hler class [ω] is integral. For any two vectors u, v ∈ VZ consider an
oriented parallelogram spanned by them in VR, and denote by cu,v the 2-cycle
in X , which is the projection of this parallelogram into X = VR/VZ. Homology
classes of such cycles [cu,v] generate the group H2(X,Z). On the other hand, it
is easy to see that
∫
cu,v
ω = Q(u, v). As the form Q is integral, the class [ω] is
also integral, and (X,ω) is an abelian variety.
Proposition 5.3. The category of polarized Q-Hodge structures of weight 1 is
equivalent to the category of abelian varieties up to isogeny.
Proof. This is a combination of Proposition 2.6 and 5.2.
Proposition 5.4 (H. Poincare´, 1886 [P]). The category of abelian varieties up
to isogeny is semisimple.
Proof. The category of Q-Hodge structures of weight 1 is semisimple because
one may take orthogonals w. r. t. Q. However, by Proposition 5.3 this category
is equivalent to the category of abelian varieties up to isogeny.
This Poincare´ complete reducibility theorem, stated in less fancy terms, says
that for any abelian subvariety A′ ⊆ A inside the abelian variety A there exists
an abelian variety A′′ ⊆ A such that A is isogenous to A′ ×A′′.
5.2 Abelian Cousin groups
Now we want to generalize these facts to the Hodge structures of weight 2.
Definition 15. We call a pair ((V,H, F, I, J), g) consisting of a bi-CR vector
space (V,H, F, I, J) and a pseudo-Euclidean metric g on V CR Hermitian, if
(i) g|H is negative definite and I-invariant,
(ii) g|F is positive definite;
(iii) H ⊥g F .
Proposition 5.5. The category of polarized R-Hodge structure of weight 2 is
equivalent to the category of CR Hermitian vector spaces.
Proof. By Proposition 3.2, the bi-CR vector spaces and R-Hodge structures of
weight 2 are the same. Let us examine what new structure comes up on bi-CR
vector space (V,H, F ) along with polarization Q on the corresponding Hodge
structure VC = V
2,0 ⊕ V 1,1 ⊕ V 0,2. This is certainly some bilinear form on the
underlying R-vector space V = VR, so let us denote by the same letter Q.
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First, Q is symmetric since Q(x, y) = (−1)2Q(y, x).
Second, for x, y ∈ H , where x = u + u, y = v + v for u, v ∈ V 2,0, one has
Q(Ix, Iy) = Q(
√−1(u − u),√−1(v − v)) = −Q(u − u, v − v) = −(−Q(u, v) −
Q(u, v)) = Q(u, v) + Q(u, v) = Q(u + u, v + v) = Q(x, y). If x 6= 0, then
one has Q(x, x) = Q(u + u, u + u) = Q(u, u) + Q(u, u) = 2Q(u, u) < 0. If
0 6= x ∈ F = (V 1,1)Gal(C:R), then Q(x, x) = √−11−1Q(x, x) > 0.
Finally, H and F are perpendicular because V 2,0 ⊕ V 0,2 and V 1,1 are.
As we want to speak about pseudo-Riemannian manifolds, we need to intro-
duce an invariant which would replace the usual notion of length of the curve.
Definition 16. Let (X, g) be a pseudo-Riemannian manifold and γ : [0; 1]→ X
be a curve. Then we call the value
∫ 1
0 g(dγ(∂t), dγ(∂t))dt as action of γ.
This terminology is borrowed from classical mechanics, see e. g. [B].
Definition 17. Let (X, g) be a pseudo-Riemannian manifold. We call it polar-
ized, if the action of any closed geodesic on it is a rational number.
For bi-CR tori an equivalent definition of polarization was given in the paper
[CT] by P. Caressa and A. Tomassini.
Proposition 5.6. The category of polarized Q-Hodge structures of weight 2 is
equivalent to the category of left-invariant polarized CR Hermitian tori up to
isogeny.
Proof. By Propositions 5.5, 3.3 and 2.6 the category of polarized Q-Hodge struc-
tures of weight 2 is equivalent to the category of left-invariant CR Hermitian
tori up to isogeny with some integrality conditions satisfied. Let us figure out
what these conditions are.
Given a polarized Q-Hodge structure of weight 2 VQ, fix some polarized Z-
Hodge structure of weight 2 VZ such that VQ = VZ⊗Q. Denote the corresponding
pseudo-Riemannian metric on the torus AVZ by g. The value of the symmetric
form Q is determined by the pseudo-norm of vectors on the lattice VZ w. r. t.
Q, and Q is rational if and only if all the values Q(v, v) are. The projection
of a segment [0, v] ⊂ VR to AVZ = VR/VZ is a closed geodesic, and square of
its length w. r. t. the pseudo-Riemannian metric g equals Q(v, v). Hence the
desired integrality condition is the rationality of squares of lengths of all closed
geodesics.
This Proposition may be used for a nice derivation of description of the
moduli space of polarized CR Hermitian tori given in [CT]: indeed, it is the
same as the well-known moduli space of polarized Hodge structures.
CR vector spaces arise as real subspaces in complex, and the following Def-
inition asserts that CR Hermitian vector spaces arise as real subspaces in Her-
mitian.
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Definition 18. For an R-vector subspace V ⊆ U of a Hermitian vector space
(U, h) we call the CR Hermitian structure g defined by g|V ∩√−1V = −Re h|V ∩√−1V
and g|(V ∩√−1V )⊥ = Re h|(V ∩√−1V )⊥ as the induced CR Hermitian structure. If
Y ⊆ X is a C∞-submanifold in an almost Hermitian manifold (X,h), then we
also call the almost CR Hermitian structure on Y given at each point y ∈ Y as
the induced CR Hermitian structure on TyY ⊆ TyX as the induced almost CR
Hermitian structure.
Proposition 5.7. Let V ⊆ U be an R-vector subspace of a C-vector space
U , and H be the induced CR structure. Then for any CR Hermitian struc-
ture (V,H, F, I, J, g) extending the CR structure (V,H) there exists a Hermitian
structure on U which induces this CR Hermitian structure on V .
Proof. By definition of a bi-CR structure,
√−1F ⊂ U is an R-complement
to V inside U . Then we can define a symmetric R-bilinear form g˜ on U by
g˜|H = −g|H , g˜|F = g|F and for v ∈
√−1F set g˜(v) = g(−√−1v). This is a real
part of a Hermitian structure which obviously induces on V the CR Hermitian
structure g.
Proposition 5.8. For a Hodge Cousin group JVZ of a polarized Z-Hodge struc-
ture of weight 2 VZ there exist a Hermitian metric on JVZ such that the induced
CR Hermitian metric on the maximal compact subgroup AVZ ⊆ JVZ coinicides
with the structure described by Proposition 5.6.
Proof. The wanted Hermitian metric on the tangent space TeJVZ is given by
Proposition 5.7. Then it can be extended to all the group JVZ via the right
shifts.
Of course in this case actions of closed geodesics w. r. t. induced CR Hermi-
tian metric on the subgroup AVZ ⊆ JVZ are rational. This motivates us to give
the following
Definition 19. We call an abelian Cousin group a Cousin group G with left
invariant Hermitian metric such that the maximal compact subgroup Gc with
its induced CR Hermitian structure is a polarized pseudo-Riemannian manifold.
Thus we have a particular answer to the Question from the Section 4 of the
present paper.
Proposition 5.9. Any abelian Cousin group is Hodge Cousin group of a certain
Z-Hodge structure of weight 2.
Proof. First reconstruct the R-Hodge structure from the Cousin group G. As
it was already stated in the Section 4, one needs to take VR = TeGc, where
Gc ⊆ G is the maximal compact subgroup, V 2,0 = H1,0, where H ⊆ TeGc
is the distinguished complex subspace for a CR strcuture on Gc ⊆ G, and
V 0,2 = V 2,0. The subspace V 1,1 can be reconstructed as the complexification
of the orthogonal to H ⊆ TeGc w. r. t. the pseudo-Riemannian metric on Gc.
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Now note that VR is the universal cover of Gc, and its kernel is the lattice.
Call it VZ. Then (VZ, Q, VC = V
2,0⊕V 1,1⊕V 0,2) is a polarized Z-Hodge structure
of weight 2. Denote the restriction of the pseudo-Euclidean form on TeGc to VZ
by Q. The integrality condition on the Hermitian form on G implies that Q is
an integral form, and defines a polarization on the Hodge structure VZ.
One can easily check that AVZ = Gc and JVZ = G.
Note that by Proposition 4.2 the constructed Hodge structure VZ does not
admit a quotient of weight 0.
Proposition 5.10. The category of polarized Q-Hodge structures of weight 2
without quotients of weight 0 is equivalent to the category of abelian Cousin
groups up to isogeny.
Proof. This is a combination of Propositions 5.9 and 4.2.
Proposition 5.11 (Poincare´ complete reducibility theorem for Cousin groups).
The category of abelian Cousin groups up to isogeny is semisimple.
Proof. By Proposition 5.10, it is equivalent to a full subcategory of Q-Hodge
structures category consisting of polarized Q-Hodge structures of weight 2 which
do not admit a quotient of weight 0. The category of polarized Q-Hodge struc-
tures is itself semisimple, so one needs to check that sum of polarized Q-Hodge
structures of weight 2 without weight 0 quotients do not admit weight 0 quo-
tients itself. Indeed, if W is a weight 0 Hodge structure and 0 6= Hom(U ⊕
V,W ) = Hom(U,W )⊕Hom(V,W ), then either Hom(U,W ) or Hom(V,W ) needs
to be nonzero.
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